
PHY-601: Classical mechanics, UMass Amherst. HW #7: Oscillations

Romain Vasseur

Due: Friday Nov 18 (Late homework receives 50% credit.)

I. SPRING, EQUILIBRIUM POSITIONS AND SMALL OSCILLATIONS

A particle of mass m is restricted to move without friction on the x axis. This particle is connected to a fixed point
P a distance d from the x axis by a spring with constant k and length at rest `0. Working in the two dimensional
plane (x, y), we will denote the coordinates of the particle by (x, 0) while the point P has coordinates (0, d). Find
the equilibrium positions of the particle and discuss their stability. In the case where the equilibrium positions are
stable, find the period of the small oscillations near equilibrium.

II. TRIANGLE WAVE FORCED OSCILLATOR

Consider a damped oscillator subject to a periodic triangle wave force F (t) with period T , such that F (t+T ) = F (t),
F (t) = F0(−1 + 4t/T ) for 0 ≤ t ≤ T/2 and F (t) = F0(1 − 4(t − T/2)/T ) for T/2 ≤ t ≤ T . Assume the oscillator is
underdamped. Compute the response of the oscillator forced by this force F (t) using Fourier series.

III. WAVES

Consider N particles of mass m connected by springs with constant k and length at rest a, forming a ring where the
jth particle is connected to the (j−1)th and (i+1)th particles by a spring. We take j = 1, . . . , N with i = N +1 ≡ 1.
Let L = Na be the length of the ring.

1. Write down the Lagrangian for this system in terms of the small displacements δxj(t) of the jth particle from
it equilibrium position, and the corresponding coupled equations of motion.

2. Look for solutions (normal modes) of the form δx
(n)
j = cn(t)eiknja where kn = 2πnj/L and n = 0, 1, . . . , N − 1

labels the normal modes. Show that the coefficients cn(t) oscillate with frequency (dispersion relation)

ω2
n = 2

k

m
(1− cos (kna)) .

IV. TRIATOMIC ONE-DIMENSIONAL MOLECULE

Consider a one-dimensional chain of three atoms with masses m, M , and m (particle 2 having mass M , and
particles 1 and 3 having identical mass m) interacting through two potentials: the potential U(|x1 − x2|) binds
the first and the second atoms while the potential U(|x2 − x3|) binds the second and the third atom with the
same function U . For simplicity, we assume there is no direct interaction between the first and the third atoms.
What are the normal modes of the small oscillations of this system? Write down the general solution of the
small oscillations problem.


