
PHY-601: Classical mechanics, UMass Amherst. HW #8: Hamiltonian mechanics

Romain Vasseur

Due: Friday Dec 2 (Late homework receives 50% credit.)

I. HAMILTONIANS VS LAGRANGIANS

Consider a one-dimensional system with a generalized coordinate x(t) described by the Lagrangian

L =
1

2
mẋ2 − 1

2
mω2x2 − kx4 − αx2ẋ2.

Write down the Hamiltonian for this system, and compute the equation of motion from Hamilton’s equations. Compare
your result with the Euler-Lagrange equation for this Lagragian.

II. RELATIVISTIC HAMILTONIAN DYNAMICS

The Lagrangian for a relativistic point particle of mass m in a potential V (~r) is

L = −mc2
√

1− ~̇r.~̇r/c2 − V (~r),

where c is the speed of light. Compute the Hamiltonian of this system. Show that one recovers the Hamiltonian of
Newtonian mechanics in the non-relativistic limit |~p| � mc.

III. RUNGE-LENZ VECTOR REVISITED

A particle with mass m, position x and momentum p has angular momentum ~L = ~x×~p. Recall that the Runge-Lenz

vector is defined as ~C = ~p× ~L−mk~er where ~er = ~r/ |~r|: you showed in HW5 that this vector is a conserved quantity
for a particle in a central potential U(r) = −k/r. Here we revisit this problem using Poisson brackets.

1. Evaluate {xi, Lj}, {pi, Lj}, {Li, Lj} and {~L2, Li}.

2. Prove that {Li, Cj} = εijqCq.

3. If the system is described by the Hamiltonian H = ~p2

2m −
k
r , prove using Poisson brackets that ~C is conserved.

Recall that mathematically, conservation of angular momentum is due to rotation symmetry: symmetry under the
group SO(3). Any central force has this symmetry. But the inverse square force law actually has symmetry under a

bigger group, SO(4), which is generated by both ~L and ~D. The Runge–Lenz vector is conserved not only classically,
but also in the quantum-mechanical theory of two particles attracted by an inverse square force law. The main
example is the hydrogen atom that you will see in quantum mechanics.


