
PHY-601: Classical mechanics, UMass Amherst. HW #4: Constraints

Romain Vasseur

Due: Friday Oct 14 (Late homework receives 50% credit.)

I. FRICTIONLESS MOTION ALONG A CURVE

Consider a particle of mass m that moves frictionlessly under the influence of gravity along a general curve y = h(x).

1. Use x as a generalized coordinate. Write down a Lagrangian for this system, and find a differential equation
obeyed by x(t).

2. Recover the result of the previous question using a Lagrange multiplier to implement the constraint.

II. FLEXIBLE PENDULUM

A particle of mass m is suspended from a flexible string of length `, under the influence of gravity. The initial
conditions are θ(t = 0) = 0 and θ̇(t = 0) = θ̇0, with θ(t) the angle with the vertical, as usual. Note that the difference
between a string and a rigid rod is that the string can only pull but the rod can pull or push, so the tension for a
string has a fixed sign. Treat the system as one with two degrees of freedom and a constraint.

1. Write down the Lagrangian and the equations of motion for this system.

2. Compute the tension in the string as a function of angle θ.

3. Show that if 2g/` < θ̇20 < 5g/`, the particle rises above the horizontal and the string looses its tension and

becomes slack at an angle θc. Compute θc. Comment on the nature of the motion if θ̇20 < 2g/` or if θ̇20 > 5g/`.

III. BEAD ON A ROTATING HOOP

A circular wire hoop rotates with constant angular velocity ω about a vertical diameter. A small bead of mass m
moves, without friction, along the hoop.

1. Parametrize the motion of the particle using a single generalized coordinate. Write down the Lagrangian for
this system.

2. Find the equilibrium positions of the bead and analyze their stability as a function of ω.


