
PHY-601: Classical mechanics, UMass Amherst. HW #6: Central forces 2

Romain Vasseur

Due: Friday Nov 4 (Late homework receives 50% credit.)

I. CLOSED ORBITS

We’ve shown in class that the trajectory r(θ) of a particle moving in a central force F (r) = −U ′(r) is given by the
differential equation
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where u = 1/r, and `0 is the angular momentum. For a Kepler force F (r) = −k/r2, the right-hand side simplifies to
mk/`20 and the solutions of this equation are conic sections. In particular, bounded trajectories are ellipses (or circles),
which are closed trajectories. The goal of this problem is to find other potentials which admit closed orbits. A necessary
condition for this is to have a potential such that the effective potential Ueff(r) has a minimum, corresponding to a
circular orbit. We will then study the stability of such circular orbits. It will be convenient to introduce the function
J(u) = − m

`20u
2F (1/u) for the right-hand side of eq. (1).

1. For a general central force F (r) = −U ′(r), write an equation giving the radius r0 = 1/u0 of circular orbits.

2. Let’s now perturb slightly this circular orbit u(θ) = u0 + δu(θ) where δu is assumed to be small. Find a
differential equation for δu(θ) to leading order. Under which conditions are circular orbits stable ? (meaning
that δu remains small, so the trajectories are bounded.)

3. Introduce β2 = 1− J ′(u0). Write a condition for β enforcing closed orbits.

4. Application: Consider a power-law potential U(r) = αrγ . Determine the radius of circular orbits, and show that
such circular orbits are stable if and only if γ > −2. Determine the values of γ which allow for closed orbits at
the level of this perturbative analysis.

II. APSIDAL PRECESSION

In class, we’ve shown that the bounded solutions to the Kepler problem (U0(r) = −k/r) are closed orbits: the
motion of the radius r(t) is periodic and oscillates between its minimum and maximum value, and over a period, the
angle changes by ∆θ = 2π. Let us perturb slightly the potential U(r) = −k/r + δU(r) where δU = β/r2 is assumed
to be small compared to U0(r) = −k/r. We’ll focus on bounded orbits where r(t) oscillates between rmin and rmax:
due to the perturbation, the variation of the angle over a period is now modified to ∆θ = 2π+ δθ, with δθ 6= 0 so the
orbits are not closed. The goal of this problem is to compute δθ.

1. Show that over one orbit, the angle variation can be written as
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2. If U(r) = U0(r) = −k/r, we know that orbits are closed, so the above expression gives ∆θ = 2π. Now consider
U(r) = −k/r+ δU(r) and ∆θ = 2π+ δθ. Compute δθ as an integral involve δU(r) to leading order. (keep your
answer in a form involving ∂

∂`0
, this will be convenient for the next question.)

3. Take δU(r) = β/r2, and show that δθ = − 2πm
`20
β to leading order in β.

4. In this question, we drop the assumption that β is small. Sketch the effective potential and write a condition on
the angular momentum to obtain bounded orbits. Using eq. (1), show explicitly that the motion of a particle
following a bounded orbit is described by a precessing ellipse. From this exact expression for the bounded orbits
(valid even if β is not small), recover the result of the previous question.


