
PHY-601: Classical mechanics, UMass Amherst. HW #2: Variational calculus

Romain Vasseur

Due: Friday Sept 30 (Late homework receives 50% credit.)

I. SOAP FILM

Consider a soap film between two coaxial circular rings of the same radius r. We denote by x the coordinate of
the central axis. The circular rings are positioned at x = −d/2 and x = +d/2 respectively. By symmetry arguments,
neglecting the gravity, the film corresponds to a surface of revolution along the x axis with radius y(x), with
y(−d/2) = y(+d/2) = r. At the thermodynamic equilibrium, we will admit that the soap film minimizes its surface.

1. Express the area of the soap film as a functional A[y], and use it to show that the equation of the soap film
satisfies the differential equation

y√
1 + (y′)2

= C,with C a constant. (1)

2. Solve this equation by separation of variables, and find the shape of the soap film y(x).

II. BRACHISTOCHRONE

The goal of this problem is to find the shape of the curve down which a bead sliding from rest and accelerated by
gravity will slip (without friction) from one point to another in the least time. We will show that the solution is a
cycloid. Remarkably, in the solution, the bead may actually travel uphill along the cycloid for a distance, but the
path is nonetheless faster than a straight line (or any other line). In this problem, we will take the x axis to be along
the gravity vector ~g, with the y axis being horizontal.

1. Show that the time it takes for the bead to go from the point (xi, yi) = (0, 0) to (xf , yf ) down the curve y(x)
is given by

ti→f =

∫ xf

xi

√
1 + (y′)2

2gx
dx. (2)

2. Show that the optimal curve satisfies the differential equation y′ = x√
x/C−x2

, where C > 0 is a constant, and

x < 1/C.

3. Let’s change variables by parametrizing x = 1
2C (1− cos θ). Find an expression for y(θ). This is the parametric

equation of a cycloid.

III. GEODESICS

Consider a particle of mass m in d dimensions, with coordinates (x1, x2, . . . , xd), moving freely in Cartesian space
(with distance d`2 =

∑
i dx

2
i ). Its motion is described by a Lagrangian L = 1

2m
∑

i ẋ
2
i . Now, if the space is curved,

the Pythagorean theorem doesn’t apply, and in general the infinitesimal distance is given by d`2 =
∑

ij gij(~x)dxidxj .
gij is called the metric tensor. In flat Euclidian space, we have gij = δij . In curved space, the Lagrangian of a free
particle is given by L = 1

2mgij(~x)ẋiẋj . In that equation and throughout this problem, we’ll use Einstein’s summation
convention: repeated indices are implicitly summed over. Show that the equation of motion of this particle in a
generic curved space with metric tensor gij is given by

ẍn +
1

2
(g−1)nk (∂jgki + ∂igkj − ∂kgij) ẋiẋj = 0.

Here, g−1 is the inverse of the metric tensor, so that (g−1)ikgkj = δij , and ∂i = ∂
∂xi

.


