
PHY-421: Mechanics, UMass Amherst, Problem Set #8

Romain Vasseur

Due: Friday, Oct 30. (Warning: Late homework will receive 50% credit).)

I. EQUATION OF MOTION

Find the equation of motion of a one-dimensional system described by the following Lagrangian

L =
1

2
eαt

(
ẋ2 − ω2x2

)
.

From the form of the equation of motion, what kind of physical system does this Lagrangian describe?

II. CHARGED PARTICLE AND SMALL OSCILLATIONS

A particle of mass m and charge q moves along a circle in the presence of a vertical gravitational field, see figure.
The gravitational field pulls the particle down (parallel to the dashed Aq line). The radius of the circle is R. In the
bottom part of the circle there is another charge q, which is fixed (it cannot move and repels the other charge). The
potential energy of the moving particle has two contributions: U(ϕ) = Ugrav(ϕ)+UCoulomb(ϕ), where Ugrav = mgh (h
is the height of the moving particle measured from the bottom of the circle) and UCoulomb = kq2/r (r is the distance
between charges).
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Homework 9: Small Oscillations
Due Thursday the 17 of November

HW problem 1: Find the angular frequency, !, of one-dimensional small oscillations

in the potential field U(x) = U0 cos(↵x) � F · x.

Hints:

1. The set of generalized coordinates in this problem is (x, ẋ).

2. Find the equilibrium point, x0, about which the system oscillates. The equilibrium

point corresponds to the minimum of the potential, U(x), which can be found from the

following condition: U 0(x0) = 0. What is the requirement for U0, ↵, and F , for the minimum

of U(x) to exist?

3. The angular frequency, !, of small oscillations (in 1D) satisfies the following equation:

V̄ � !2T̄ = 0. Here V̄ = @2U(x)/dx2, T̄ = @2T (ẋ)/dẋ2 are evaluated at the equilibrium

point.

HW problem 2: A particle of mass m and charge q moves in the gravitational field

along the vertically placed circle, see the figure. The gravitational field pulls the particle

down (parallel to the dashed Aq line). The radius of the circle is R. In the bottom part

of the circle there is another charge q, which is fixed (it cannot move and repels the other

charge). a) Find the angle '0 corresponding to the equilibrium of the system. b) Find the

angular frequency, !, of one-dimensional small oscillations about this equilibrium point.

Hints:

1. Generalized coordinates in this problem can be chosen as (', '̇).

2. The velocity of the circular motion is v = '̇R. Then the kinetic energy T = mv2/2

1. Assume that ϕ is small, and write an approximate form of the potential U in term of ϕ.

2. Find the angle ϕ0 corresponding to the equilibrium position (using the approximation of small angle ϕ0 � 1 of
the previous question).

3. Write the Euler-Lagrange equations for the small oscillations about the equilibrium position ϕ = ϕ0 +δϕ. What
is the period of the oscillations?


