
PHY-602: Statistical Physics, Final Exam

I. HYPOTHETICAL FERMI PARTICLE

Consider a non-interacting, degenerate gas of N spin- 12 Fermi particles in a volume V at zero temperature T = 0.

We suppose that the single particle energy of these fermions is given by ε(k) = g |k|4 with k their wavevector and g
a positive constant.

1. Find the Fermi energy εF as a function of the density n = N/V of the gas.

2. What is the internal energy of this gas as a function of N and εF ?

II. CONDENSATION OF ULTRA-RELATIVISTIC BOSONS

Let us consider an ideal Bose gas of N massless particles with temperature T in a volume V . The single-particle
energy is given by ε(p) = pc, with p the momentum.

1. What is the single-particle density of states of this gas?

2. Show that this system undergoes a Bose-Einstein condensation transition at a critical temperature that you will
express in terms of a dimensionless integral. (You do not need to evaluate the integral.)

3. How does the heat capacity of this gas scale with temperature in the BEC phase?

III. MULTICRITICAL POINT WITHIN LANDAU THEORY

Consider a system with order parameter m and symmetry m → −m. We are interested in multicritical points
where the Landau expansion of the free energy takes the form

F = F0 + a0(T − Tc)m2 + bm4+2n,

with n ≥ 1 the order of the multicritical point, and T = Tc at the multicritical point.

1. In a realistic physical system with such a symmetry (m → −m), how many parameters have to be tuned to
realize a multicritical point of order n?

2. Imagine tuning the temperature T across the multicritical point. What is the (mean-field) magnetization
exponent β at a multicritical point of order n?

3. At a multicritical point, the order parameter in the presence of an external field B scales as m ∼ B1/δ. What
is the exponent δ as a function of n?

IV. ONE DIMENSIONAL LATTICE GAS

Consider a one dimensional interacting gas at temperature T , with particles hopping between L lattice sites sepa-
rated by a distance a (lattice spacing). These particles have hard cores, so no more than one can sit on a single lattice
site. We introduce the variable ni ∈ {0, 1} to specify whether a given lattice site, labelled by i, is empty (ni = 0) or
filled (ni = 1). We also introduce a short-range attractive force between particles with an attractive potential −γ if
they sit on neighboring sites. We suppose that the number of particles is not conserved, and is allowed to fluctuate
(chemical potential µ = 0). The energy cost of a configuration is given by

H({ni}) = −γ
∑
i

nini+1.

1. Introduce a transfer matrix for this system and compute the (grand canonical) partition function assuming
periodic boundary conditions.
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2. What is the pressure of this gas in the thermodynamic limit L→∞?

3. Show that this problem can be mapped onto an Ising model in the presence of a magnetic field.

4. Using the mapping from the previous question, write down a lattice gas model that would correspond to an
Ising model with zero magnetic field. What does the Ising symmetry Si → −Si correspond to in the lattice gas
language?


