
1

PHY 421 FALL 2017 - FINAL EXAM

Solve the following problems. All the problems carry equal credit (but the

questions inside each problem can have different weight). Books and notes are

allowed. No electronic devices, except for calculators, can be used.

1. Find the angular frequency, ω, of one-dimensional small oscillations of the point-like

particle of mass m in the potential field U(x) = U0e
αx−Fx. Here U0, α, and F are positive

constants.

2. The mechanical setup you are asked to study is shown in figure. Define the vertical

coordinate of the left object with mass m1 by y (here one can assume that e.g. the upward

direction is positive). a) Find the Lagrangian L(y, ẏ) and then the Hamiltonian H(y, py)

describing the system, where py is the momentum that corresponds to y. b) Write down the

Hamilton’s equations of motion.

Hint: estimate the potential energy when m1 has a vertical coordinate y. Notice that if

m1 moves up by y, then m2 moves down by y.

XV-34 CHAPTER 15. THE HAMILTONIAN METHOD

by adding to L the time derivative of an arbitrary function F (q, t) depending
on q and t (but not q̇),

L0(q, q̇, t) ¥ L(q, q̇, t) +
dF (q, t)

dt
, (15.104)

then L0 has the same equation of motion.16

15.6. Atwood’s 1 *

Consider the Atwood’s machine shown in Fig.15.23. Let x be the vertical posi-
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Figure 15.23
tion of the left mass, with upward taken to be positive. Find the Hamiltonian
in terms of x and its conjugate momentum, and then write down Hamilton’s
equations.

15.7. Atwood’s 2 **

Consider the Atwood’s machine shown in Fig.15.24. Let x and y be the vertical2m

m 2m

Figure 15.24

positions of the middle mass and right mass, respectively, with upward taken
to be positive. Find the Hamiltonian in terms of x and y and their conjugate
momenta, and then write down the four Hamilton’s equations.

15.8. Two masses and a spring **

Two beads of mass m are connected by a spring (with spring constant k and
relaxed length `) and are free to move along a frictionless horizontal wire. Let
the position of the left bead be x, and let the stretch of the spring (relative
to equilibrium) be z. Find the Hamiltonian in terms of x and z and their
conjugate momenta, and then write down the four Hamilton’s equations. (See
Exercise 15.28 for a slightly easier variation of this problem.)

15.9. y = f(x) constraint **

A particle of mass m is constrained to move on a curve whose height is given by
the function y = f(x). Find the Hamiltonian in terms of x and its conjugate
momentum, and then write down Hamilton’s equations. Show that the ṗ =
°@H/@x equation reproduces the E-L equation.

15.10. Spring and moving wall **

A mass m is connected to a wall by a horizontal spring with spring constant
k and relaxed length `0. The wall is arranged to move back and forth with
position Xwall = A sin!t. Let z measure the stretch of the spring. Find the
Hamiltonian in terms of z and its conjugate momentum, and then write down
Hamilton’s equations. Is H the energy? Is H conserved? (See Exercise 15.26
for a slightly easier variation of this problem.)

15.11. Bead on a rotating hoop **

A bead is free to slide along a frictionless hoop of radius R. The hoop rotates
with constant angular speed ! around a vertical diameter (see Fig.15.25). Find
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the Hamiltonian in terms of the angle µ shown and its conjugate momentum,
and then write down Hamilton’s equations. Is H the energy? Is H conserved?

Section 15.3: Legendre transforms
16This problem probably belongs in Chapter 6, since it deals only with Lagrangians. However,

the existence of equivalent Lagrangians of the form in Eq. (15.104) is the basis of the so-called
canonical transformations which lead to the Hamilton-Jacobi extension of Hamiltonian mechanics.

3. Two pointlike objects of mass m are connected by a spring. The spring constant is

k and its relaxed length is l. The particles are free to move along a frictionless horizontal

wire. Let their positions are x1 and x2. a) Find the Lagrangian L(x1, x2; ẋ1, ẋ2). b) Find

the Hamiltonian H(x1, x2; p1, p2). c) Write down the four Hamilton’s equations.

Hint: H = p1ẋ1 + p2ẋ2 − L.


