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Instructions

• Turn off all cell phones and watch alarms! Put away iPods, etc.

• Do all work in this exam booklet. You may continue work to the backs of
pages and the blank page at the end, but if you do so indicate where.

• You may use a calculator. If you do, be sure to show the set-up for what you
are calculating and do not round intermediate results.

• Otherwise, this is a “closed-book” exam: no books or other papers.

• Organize your work in an unambiguous order. Show all necessary steps.

• Answers given without supporting work may receive 0 credit!

• Be ready to show your UMass ID card when you hand in your exam booklet
to your own instructor or TA.

QUESTION PER CENT SCORE

1 12

2 14

3 12

4 12

5 12

6 14

7 12

8 12

TOTAL 100



1. (3× 4% = 12%)

(a) Use the Intermediate Value Theorem (IVT) to show that f(x) =
x3 − 2x+ 2 has a zero in the interval (−3, 0).

(b) The function f(x) is defined by f(x) =

{
x2 − k x ≤ 1
kx− 1 x > 1

. Find a value

of the constant k that makes f continuous at x = 1.

(c) The everywhere differentiable function f(x) satisfies f(0) = 2 and−1 ≤ f ′(x) ≤ 3.
Use the Mean Value Theorem (MVT) to show that −1 ≤ f(3) ≤ 11.
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2. (14%) A rectangular banner has a red border and a white center. The width
of the border at the top and at the bottom is 1 foot and along the sides it is
1/2 foot. The total area of the banner is 32 square feet. Find the dimensions
of the banner, which maximize the area of the white center.

(a) (2%) Identify the variables involved (maybe draw a picture to help).

(b) (4%) Determine what function (of a single variable) that is to be maxi-
mized and on what domain.

(c) (6%) Determine at what number that function takes its maximum value.
Be sure to justify why the function actually does take its maximum there!

(d) (2%) Answer the original question: What are dimensions of the banner
which maximize the area of the white center?
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3. (3×4% = 12%) The acceleration of a particle moving along the x-axis is given

by a(t) = 3t +
4

t3
, for t > 0. At time t = 1, the particle is at the origin and

has velocity 3.

(a) Find a formula for the particle’s velocity v as a function of t.

(b) Find a formula for the particle’s position x as a function of t.

(c) Find the total distance traveled by the particle over the time interval
[1, 4]. Round your answer to two decimal places.
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4. (3× 4%) Consider the function f(x) =
√
x.

(a) Use the definition of derivative to calculate f ′(x).

(b) Find the equation of the tangent line to the curve of y = f(x) at the
point where x = 1.

(c) Use the linear approximation of the function y = f(x) at a = 1 to
approximate

√
0.999.
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5. (3 × 4% = 12%) Determine the following limits (without using numerical
evidence or a graph).

(a) lim
x→∞

(lnx)1/x

(b) lim
x→2

sin (πx)

4x− 8

(c) lim
x→∞

√
x2 − 9√
4x2 + 6
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6. (14%) Consider the function f(x) = ex sinx on [0, 2π]. Use methods of calculus
to answer the following questions.

(a) (4%) Find all critical points of f(x).

(b) (5%) Determine where f(x) is increasing and decreasing.

(c) (5%) Determine where f(x) is concave up and concave down.
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7. (3 × 4% = 12%) The rabbit population, in millions, of a small Pacific island
had been growing fast, at a rate proportional to the population. When the
island was founded, the population was 5 million; 10 years later, it was 8
million.

(a) Write a differential equation–an equation involving a derivative–that
describes the growth of the rabbit population in the island. Clearly iden-
tify all the variables involved.

(b) Write an exponential function that represents the rabbit population of
the island as a function of time since the island was founded. Determine
the exact values of all constants in that function.

(c) If the rabbit population of the island continues to grow the same way,
predict how many rabbits will be there 20 years after the island was
founded.
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8. (3× 4% = 12%)

(a) Find the Riemann sum for f(x) =
√
1− x2,−1 ≤ x ≤ 1, with four

approximating rectangles, taking the sample points to be right endpoints.
Sketch the graph and the rectangles. Round your answer to two decimal
places.

(b) Obtain the exact value of

∫ 1

−1

√
1− x2 dx by interpreting it in terms of

area.

(c) If

∫ 1

−1

(√
1− x2 + g(x)

)
dx = 5π, based on the result of (b), find

∫ 1

−1
g(x) dx.
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